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Abstract

The coupled optical fiber loops as a platform for synthetic topological lattices and quantum
walk is studied. By time multiplexing, it can create robust, large-scale lattices with high
flexibility to introduce spatial and temporal modulation. For theoretical part of this report,
the Floquet SSH lattice is the main focus. The band structure and topological invariants
are calculated by firstly mapping the discrete lattice to a continuous-time time-dependent
Hamiltonian. And the boundary states at the interface of two bulk lattices with different
topological phases are observed in simulation, which shows a unique characteristic related
to the Floquet system. Finally, a simple experimental setup is built which can achieve a
few steps of propagation in a basic photonic mesh lattice. Further work should focus on
improving the performance and functionality of the setup.
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1 Introduction

This report summarizes my investigation on the coupled optical fiber loops for synthetic
photonic mesh lattices. The topological phase in this structure is the main focus. This setup
features a large-scale lattice and high flexibility of modulation in the field of topological
photonics. It is based on conventional optical communication components and does not
need careful optical alignment. Since its invention as a platform to study the interplay
of coherence and losses[1], the setup has been widely used for optical non-Hermitian
system[2-7]. It has also been used to study nonlinear effects in topological photonics[8]
and most recently, time interfaces in a lattice[9, 10].

The report will be structured as follows: First, the principle of time multiplexing in the
coupled optical fiber loops is introduced, which essentially creates a photonic mesh lat-
tice with one spatial and one temporal dimension. The band structure of some typical
lattices is calculated. Among them the Floquet SSH lattice, which is similar to the famous
Su-Schrieffer-Heeger (SSH) model in topological insulator, is our main focus. Due to its
Floquet nature, the topological invariant related to a bandgap is calculated, instead of the
one related to a band. Then, the evolution of optical pulses in the lattices is simulated,
showing the boundary states between two lattices with different topological phases. Finally,
an experimental setup is built with minimum components and a few steps of propagation is
successfully observed. However, further work needs to be done to improve the experimental
setup and construct the topological interface.

2 Theory

2.1 From coupled optical fiber loops to photonic mesh lattices

The coupled optical fiber loops consist of two loops with different length joint by a coupler,
as shown in Fig 2.1(b). A pulse circulating in it will be split into two at the coupler, and the
two subsequent pulses will arrive at the coupler at different time, which will be further split
into the long and short loop. Only the pulses that arrive at the coupler at the same time
can interfere, which corresponds to pulses that go through the same times in the long and
short loop (equal roundtrips in the long loop, and equal roundtrips in the short loop, see
Fig 2.1(a)). So it can be mapped to a mesh lattice as shown in Fig 2.1(c).

The advantage of using coupled optical fiber loops and time multiplexing is that it offers
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Figure 2.1: The principle of time multiplexing to create a photonic mesh lattice (From
Ref [11]). A roundtrip in the short (long) loop in (b) corresponds to the motion to the left
(right) in the pyramid (a). It can also be represented by a 2D lattice as shown in (c).

great scalability. For quantum walk experiments using real space as the lattice sites, the
number of walking is limited to ~10 steps[12]. However, for a coupled optical fiber loops
setup, more than 100 steps is routinely reported. The interference of pulses does not rely on
careful optical alignment, instead it is guaranteed by the same arrival time at the coupler
because the pulses have the same roundtrips in each loop. Moreover, when using intensity
and phase modulators and variable coupler, we can create complex lattices with varying
parameters in both dimensions, enabling its applications in Floquet system, non-Hermitian
system, and topological boundary.

2.2 Band structure of different lattices
2.2.1 Band structure of a simple basic lattice

For a basic mesh lattice with 50/50 coupler and without any phase modulation, gain/loss,
or nonlinearity, as shown in Fig 2.2(a), the single step propagation (m+1) can be written as

1
m+1 m .7 m
Apy1 = (a, + lbn)

V2
| I
r’?++11 = E(la21+2 + brrzﬂ+2)



Here, a and b represents the complex amplitude of the pulse in the long loop and short
loop, respectively. The index m is the propagation step, and the index 7 is the temporal
position within one roundtrip of the pulses.

band structure of the basic mesh lattice
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Figure 2.2: A simple basic mesh lattice with 50/50 couplers. A sketch of the lattice is shown
in (a). The band structure is shown in (b).

One thing that should not be confused is that in reality, the light pulse will acquire a 7/2
phase shift when crossing the coupler (in contrast to passing the coupler), going from one
loop to another, which is, however, shown as passing the coupler in the sketch.

Due to the periodicity of the lattice, we can assume a plane wave ansatz and obtain the
dispersion relation (band structure).

m+2 m
an ap .
— ezG
m+2 m
bn bn
m m
) ay .
= elQ
m m
bn+2 bn

we can get
2cos(f) =cos(Q) -1
SO
-1
0 =+cos™ ! (%)



This is shown in Fig 2.2(b). A more detailed and introductory discussion can be found in
Ref [2].

2.2.2 Band structure of a lattice with on-site potential

Now we add a phase modulation to each pulse in the long loop by following the scheme in
Ref [3].

—@o formod(n +3;4) =0;1
p(n) =
+@o formod(n + 3;4) =2;3.

When exciting the lattice with a single pulse at the position of n = 0, the pulses in every
roundtrip will only occupy either even or odd positions of n. By applying this phase mod-

ulation, we can get alternative phase modulation for the pulses within one roundtrip, as
shown in Fig 2.3(a).

band structure for go = 0.00m

-1.00 -0.75 -0.50 -025 000 025 050 075 100
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Figure 2.3: A mesh lattice with phase modulation. A sketch of the lattice is shown in (a).

The green and magenta lines represent —¢, and +¢y modulation, respectively. The band
structure of different phase modulation is shown in (b) and (c).



Now the evolution can be written as

1 . ;
am+1 — _(aZz + lbzi)eup(nﬂ)

n+1
V2
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m+1 _ . m m
bn+1 - \/i(lan+2 + bn+2)
The plane wave ansatz now becomes
m+2 m
an an .
— el@
bm+2 pm
n n
m m
Ayt an .
- 0iQ
m m
bn+4 bn

From above we can again solve for the dispersion relation (band structure)

cos(Q) =8cos?(0) + 8 cos(go) cos(6) +4 cos® (o) —3

To get this equation, one can first get 4 equations for a), b), a3, by and write in matrix
form AX =0, where X is the 4 dimensional vector containing ag, bg , ag , b(z) and A is the 4x4
matrix containing 0, Q, and ¢y. Then one can solve for the relation between 6 and Q by
setting the determinant of A to be 0. The calculation can be done by using the symbolic
toolbox in MATLAB or by similar software.

2.2.3 The Floquet SSH lattice

The Floquet SSH lattice is governed by the following equations:

it = cos(B™)al + isin(B") by
b;Tfl1 = iSin(ﬁm)arlﬁz + COS(,Bm) rr;l+2
where
ﬁm _ Bo,m=1,3,5,...
Be, m=2,4,6,...



which represents a lattice with two splitting ratio switch from step to step, as shown in
Fig 2.4. The reason why it is called Floquet SSH will be clear in the next section.

band structure of the Floquet SSH mesh lattice
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Figure 2.4: The Floquet SHH lattice. A sketch of the lattice is shown in (a). The red and
blue couplers have 8, and B, respectively. The band structure for , = 0.25m, S, = 0.357 is
shown in (b). The 0 gap and 7 gap are shown. All quasienergy 0 is periodic in 27 due to the

Floquet nature.

The translational symmetry gives

ap?\  (ay
— elG
bm+2 pm
n n
Ao ap’|
= elQ
byia) by’
Use the equations above we can get:
A Bl|ay\| 0
Cc D|\b?|




where A, B, C, D are expressions containing Q, 0, 5, Be.

A= cos(B.) cos(B,)e'? —sin(B,) sin(B,) — e’
B =icos(Be)sin(B,)e ' +isin(B,)cos(Bo,)

C = icos(Be)sin(B,)e’? + isin(B.) cos(Bo)

D = cos(B.) cos(B,)e’? - sin(Be) sin(B,) — e

To have non-zero solutions of a}’, b};', we need the determinant of the ABCD matrix to be
zero. We get

cos(8) = cos(Bo) cos(Be) cos(Q) —sin(B,) sin(Be)

SO

0 = +cos ' (cos(B,) cos(Be) cos(Q) —sin(B,) sin(Be))

We then solve for the Bloch state a, b to satisfy

a?ﬁ)zo

by

A B
C D

for two 6 at each Q.

The Berry’s phase (Zak phase) for each band is defined as

21

y=i A (X100l X>dQ

The integral can be solved numerically for given f3,, .. In Appendix B an alternative
derivation of the dispersion relation and the band invariants is provided, which is based on
the quantum walk formulation.

10



2.3 Gap topological invariants of SSH lattice

The Berry’s phase defined above is one way to get the band topological invariants of a
topological insulator. However, this is not the true invariants for the Floquet SSH lattice, as
it fails to predict the number of boundary states between two bulk lattices. Here, we follow
the recipe given in Ref [13] to calculate the topological invariants assigned to the bandgap,
rather than to the band. To begin with, one first needs to map our discrete-time lattice to a
continuous-time Hamiltonian, for which we can apply all the tools given in Ref [13].

As shown in the Fig 2.5, the Floquet SSH lattice can be directly mapped to a periodically-
driven 1D chain. Here the site index in the mesh lattice is no longer defined by the position
of the coupler, but by pulses themselves in the two loops. The alternating coupling coeffi-
cient in the canonical SSH model is switch on and off in turn, corresponding to a periodic
modulation of the coupling. The good thing is that the coupling strength can be related to
the splitting parameter f in the couplers.

21012 3 n

(a) < L L 1 (b) Quantum walk
0 /(m n) Lattice positionn R
B! F= === ,
: : W00
1- : : 4 ) < p---- t=0 ¢« )
1 1 (1,-1) \fl-l) X
2- | — | IS y y
;_ ) 4 ) 4 3 r
3 sl Ne2x \A(Q,O) o \52,2)
mwv ‘ ’é 1' ) ; 4' 3 é 4. 3
2 e e <
\_ 1T — 1At 1T + 1At /

Figure 2.5: The map from the mesh lattice (b) to a one dimensional chain with time-
modulated coupling (a), which is known as the Floquet SSH model. Note the different way
of numbering in (a) and (b). From Ref [14].

We define the period to be T = 1, corresponding to two steps of evolution in the mesh lattice
or two roundtrips in the coupled fiber loops. And each step of evolution takes time T'/2.

The Bloch Hamiltonian for the 1D lattice is

0 v(t) + w(r)e ik

HED= b weir 0

11



where

T T
n0<st<— 0,0<t<—
v() = 2w = 2
0,—<t<T w,—=<t<T

2 2

and v(t+T)=v(t), w(t+T)=w(t), H(k,t+T)= H(k,1t).
Now let’s find the relation between v, w and B, Be.

The evolution of one step within a unit cell gives

(a(k, T/z)) ~ (isin(ﬁ) cos(p) ) (a(k, 0))

b(k,T12)] | cos(B) isin(B)/|b(k,0)

Notice that here the a, b swap between the long and short loops after passing through the
coupler.

The evolution during the first half of the period can be solved as
T T .. T
a(k, 5) = cos(vE) a(k,0)—i sm(vg)b(k, 0)

T T .. (T
b(k, 5) = cos(vg)b(k, 0) - zmn(uE)a(k, 0)

We can find that v% = 7 — B makes the two set of equations equivalent, up to a global phase
factor which does nothing to the physical observables. Since we have defined T =1 and the
first setup to be f,, we get
v=m—-20,
Similarly, the evolution during the second half of the period can be solved as
T T ; T
a(k, E) = cos(wg)a(k, 0)—ie ¥ sin(wg) b(k,0)

T ol wD o o0 — i sinl w?
b(k,E)—cos(wz)b(k,O) ie sm(wz)a(k,O)

This looks like impossible to map back to the mesh lattice coupler. But we have to remember
that this is the coupling between two different unit cells and hence the e’* factor is natural
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from the Bloch theorem.

(a(k, T/Z)) _ ( isin(p) e—ikcos(ﬁ)) (a(k, 0))

b(k,T/2)|  \e'*cos(B) isin(B) ||b(k,0)

We can similarly get
w=m-28

By far, we have successfully mapped the discrete-time mesh lattice to a continuous-time
Floquet SSH lattice. We shift the time origin of the Hamiltonian by 7'/4 to make it symmetric:

0 0+ w(t)e ik
Hk, 1) = N v(t)+w(t)e
v(t)+w(t)e 0
where
T T
1,0<t<— 0,0<st<—
4 4
T T T T
O,Z_t<§ w,zft<—
vin=4 r s WWH=y r 3T
0,—<t<— w—<t<—
2 4 2
3T 3T
v, —<t<T 0,—=<t<T
4 4

Rememberthat T=1, v=n—-28, and w = —2f,.

As a general rule, the action of a time-independent Hamiltonian on a 2 level system is
rotating the Bloch vector around an axis. A rotation in the Bloch sphere is characterized by

_ _i%pg E) e (g S
R,(@)=¢e "2 —cos(2 I—isin 2)n o
where 7i is the axis and «a is the angle of rotation (use right-hand rule).

The Hamiltonian H(k, f) can be decomposed with the Pauli matrices. During the time when
v is activated, we have

0 v
H(k,t):( ):vax
v O
and during the time when w is activated, we have

we—zk

0
H(k,t) = ;
(k, 2 (we’k 0

) = wecos(k)oy + wsin(k)o

13



and for a time-independent Hamiltonian, the evolution operator is

U(l,) — e—th

Let’s start to construct the topological invariants from the Bloch Hamiltonian H(k, f). The
time evolution operator is
Uk, 1) = g e~ih Hk,thadr'

For our case, the H(k, ) is piece-wise constant, so the integration can be easily calculated
just by dividing the time into intervals. The full-period time evolution operator is

U(k, t=1)= e—i%vax e—i%(wcos(k)ox+wsin(k)ay) e—i;llvax

< [eos2os 2)-sn(2Jsn( ) cosa]

2 2 2 2
-1 [sin(%) cos(%) + cos(g) sin(%) cos(k)] Oy

- isin(%) sin(k)oy,

= M (k) [y1 (0) Xy ()| + A2.(k) |2 (k) X w2 (k)|

We can find the eigenvalue of U(k, ¢ = 1) by noticing that U(k, t = 1) = agl — i(ayox + a,o ).
Therefore, the eigenvectors of U(k, t = 1) is also the eigenvectors of a,o  + a0, which has

eigenvalues +/a2 + a%,. Therefore, the eigenvalues of U(k, t = 1) are

/11’2(16) =ag+ l.\/ 6[;25+ ai
1 i\/ai+ad?

|W1,2(k)> =—|7 —ay+iay
A

with eigenvectors

The band structure can be obtained by solving the equation 1, »(k) = e~*£. Later we will
show that the chiral symmetry of the Hamiltonian results in the closing of the gap at
E = gn for integer q. In the interval of —n < E < &, if the band gap closes at E = 0, we have
A1,2(k) = 1, which gives
ag = 1
a,zc + af, =0
ap = 1 requires cos(k) = =1, which means k = g'm where ¢’ is an integer, and at the same
time makes a, = 0. We can find that the bandgap closes at E= 0,k =0when % + & =27rm

14



with m an integer, and at E = 0, k = =7 when % — % =2nm with m an integer. Remember
that E and k are both periodic in 27.

If the band gap closes at E = +7, we have A, »(k) = —1, which gives

a():—l
2, .2 _
ay+a, =0

Similarly, we find that the bandgap closes at E = 7, k = 0 when % + % =7+ 21m, and at

E =+m,k=+m when % - % =7+ 2nm (m is an integer).

20 Phase diagram of Floquet SSH model

w/2 (m)

O.IO
v/2 ()

Figure 2.6: Phase diagram of the Floquet SSH lattice. On the solid blue lines the bandgap
closes at E =0, k = 0, on the dashed blue lines the bandgap closes at E =0, k = +7, on the
red solid lines the bandgap closes at E = £+, k = 0, on the red dashed lines the bandgap
closes at E = =7, k = 7. The topological invariants (Qo, Q) are calculated numerically in
each region. The band topological invariant, which is not the true invariant, is calculated
from the winding number of the effective Hamiltonian, and shown as different background
color. See Ref [13] for a detailed description of the calculation.

The red and blue lines in Fig 2.6 shows when the phase can change due to closing of a
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bandgap. The blue solid line corresponds to close at E = 0, k = 0, the blue dashed line
corresponds to close at E = 0, k = £+, the red solid line corresponds to close at E = +7,k =0,
and the red dashed line corresponds to close at E = +m, k = 7.

Let’s analyze the symmetry of the Hamiltonian.

The chiral symmetry is defined by
S H(k,0)S=—-H(k,~1)
where S is a unitary matrix. We can check that for our system
S=o0,

During the period 0 < t < i and 3 < t < 1 when v is activated, we have

S_IH(k,t)S:(l 0)(0 v)(l 0)
o -1/{v o]lo -1

0 v
= _(v 0) =—H(k,—1t)

During the period i <t< % when w is activated, we have

—ik
S H(k, S = (1 0 )( Oik we )(1 0 )
0 —-1/\we 0 0 -1

0 we ik
= — weik 0 :—H(k,—t)

Notice that H(k, t) = H(k,—t) due to our choice of the time origin.

A consequence of the chiral symmetry is that the eigenvalues of the full-period time evolu-
tion operator or the effective Hamiltonian are in pairs. If [y ,,) is an eigenvector of Hfifo (k)
with eigenvalue Ej; (k), then due to the chiral symmetry

27
o HM (K)o, = - H (k) + =
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we have Hfifo(k)az = —UZHgfo(k) + 270 ;. Therefore,

HE (K)o 2 [wn) = —0 HE () [wa) + 2m0 - |wa)
= (—Ep(k) +2m)0; |yn)
Soo, |Wn> is also an eigenvector with eigenvalue —Ej, (k) + 27. Due to the periodicity of the

quasienergy, the dispersion relation is symmetric around E = gn in which ¢ is an integer.
As aresult, the bandgap will only close at these quasienergy values.

For the particle-hole symmetry and the time-reversal symmetry, we check C=0,and T =1,
respectively, they should satisfy

C'H(k,)C=—-H"(-k, 1)
T 'H(k,) T = H* (=k,—1)

The topological invariants are affiliated with the gap quasienergy. It is defined as the
winding number of the component of the periodized time evolution operator at ¢ = % (see
Ref [13] for details). The periodized time evolution operator is

Uelk, t) = Uk, el ®1

where HE(k) is the effective Hamiltonian, derived from the full-period time evolution
operator U(k, t = T). We also need to calculate the evolution operator at ¢ = %, which is

U(k, [ = 1) — e—i%(wcos(k)ax+wsin(k)ay) e—iivax
2

e 2o 2)-sn(2Jsn( ) cosa]
- [sin(g) cos(%) + COS(Z) sin(%) cos(k)] Oy

. vy . (wy .
- zcos(z) sm(z) sin(k)o
v w
+ isin(z) sin(z) sin(k)o,
Finally, the invariants Z x Z are calculated numerically using the equation for AIII class
(chiral class) after specifying v, w in the phase diagram. To get the topological invariants,

we can plot the U/ (k) for different v, w and count the number of its winding around the
origin, which is shown in Fig 2.7.

We label each phase with its topological invariants given by the winding number (Qp, Q).
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Figure 2.7: The winding number from the periodized time evolution operator for different
v, w, which gives the topological invariants of the Floquet SSH lattice. (a) v = 0.2, w = 1.2,
(b) v=0.77r,w =1.7n, (c) v = 1.87,w = 0.97, (d) v = 097, w = 0.3n. The arrows in the
figures show the direction of the trajectory at k = 0 when k changing from 0 to 2.

It’s clear from the phase diagram that the closing of the bandgap leads to a change of the
topological invariant affiliated with that gap. There are 4 phases in total.

3 Simulation

3.1 Code overview

The code used for simulating pulse evolution in the photonic mesh lattice can be found in
Ref [15]. It enables an easy way to define the lattices to simulate, with settings of boundary
condition, interface between lattices, input profile, and number of propagating steps.
Moreover, it can be easily extended to simulate new types of lattices as long as the evolution
equations (relations of input and output at a coupler) are known.

3.2 Evolution in a simple basic lattice

In Fig 3.1(a), the evolution of a single injected pulse in a simple basic lattice with 50/50
couplers is shown. As one can see from the dynamics in the long loop, the average position

18



of the pulse (particle) is moving away from the origin, showing a completely different
feature from the classical random walk.

(a) intensity long loop (dBm) intensity short loop (dBm)
'é 0 20 40 60 80 100 0 20 40 60 80 100
a2 0 0 - 10
T 10 10 0
3 20 20 -10
= -20
o 30 30
Q
2 40 40
(%]
o 50 : : 50 S ‘ - —50
E lattice index (pulse position n) lattice index (pulse position n

(b) intensity long loop (dBm) intensity short loop (dBm)
'é 0 20 40 60 80 100 0 20 40 60 80 100
2 0 0 10
T 10 10 0
3 20 20 -10
g -20
o 30 30
Q.
2 40 40
(%]
o 50 : i S 50 : - —-50
E lattice index (pulse position n) lattice index (pulse position n)

(c) intensity long loop (dBm) intensity short loop (dBm)
E 0 20 40 60 80 100 0 20 40 60 80 100
20 0 26
§ 10 10 10
=] 0
g2 20 ~10
o 30 30 -20
Q.
% 40 40
o 50 : : 50 - - —50
£ lattice index (pulse position n) lattice index (pulse position n)
=]

Figure 3.1: Evolution of a single injected pulse in different mesh lattices. The plot of the
pulse intensity is in log scale. (a) A simple basic lattice with 50/50 couplers. (b) The Floquet
SSH lattice with g, = 0.257, B, = 0.357 and B, = —0.757x, B, = —0.657 separated by an
interface. The two lattices have different gap invariants in both gaps but the same Floquet
operator. (c) The 50/50 coupler lattice with nonlinear on-site potential from the self-phase
modulation in 4 km loop of standard single mode fiber.

3.3 Evolution in the SSH lattice

The evolution in two SSH lattices separated by an interface is shown in Fig 3.1(b). The two
lattices have different invariants (0,0) and (1, 1) according to the phase diagram (Fig 2.6).
Therefore, there should be two boundary states from the 0 gap and 7 gap, respectively. This
can be seen from the simulation. An interesting thing is that these two lattices have the
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same evolution operator (Floquet operator) based on the calculation in Appendix B. This
demonstrates that the band topological invariant will fail in predicting the existence of
boundary states in a Floquet system.

3.4 Evolution in a nonlinear lattice

The evolution in a 50/50 coupler lattice with nonlinear on-site potential is shown in
Fig 3.1(c). The nonlinear on-site potential is achieved by exploiting self-phase modulation
of the pulse in optical fiber[8]. In the simulation a 4 km long standard single mode fiber in
each loop is considered, and the optical power required to have soliton state is ~500 mW.
This power can be significantly reduced by replacing the fiber with high nonlinearity ones,
such as dispersion compensating fiber. As shown in Fig 3.1(c), when we excite the lattice
with a single pulse, it forms a localized, soliton-like state in the bulk and loses some of its
energy as dispersive waves.

4 Experiment

4.1 Typical setup in papers

A typical experimental setup of coupled optical fiber loops is shown in Figure 4.1. The
setup can be separated into three parts: pulse injection, loops, and signal detection. For
the pulse injection, a continuous-wave laser is chopped into a single square pulse with a
typical width of 10~100 ns and peak power of 0.1~1 mW. The large pulse width ensures
negligible pulse broadening during the propagation, and a higher peak power with highly
nonlinear fiber in the loops should be used if the nonlinear regime is exploited. The MZM
and AOM are used together to have a higher suppression of the background, which turns
out be critical and limits the measurable roundtrips in my own setup.

For the loops, two spools of single mode fiber of different length are used for the two loops.
The length difference in the two loops introduce a time delay between the pulses entering
into the two loops. An optical coupler, here VBS, is used to join the two loops. The VBS can
introduce a boundary between two bulk lattice with different phases. The EDFAs are used
to compensate for the losses during propagation, and BPF are used to reduce amplified
spontaneous emission (ASE) noise and suppress lasing in the loops at the wavelength of
peak emission probability of Erbium in optical fiber, which is around 1530 nm for my own
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Figure 4.1: Experimental setup of coupled optical fiber loops in Ref [14]. MZM: Mach-
Zehnder intensity modulator, AOM: acousto-optical intensity modulator, VBS: variable
beam splitter, PD: photodetectors, SSMF: standard single mode fiber, WDM: wavelength-
division multiplexing coupler, BPF: bandpass filters, PM: phase modulator, PBS: polariza-
tion beam splitter, PC: polarization controllers.
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setup. To reduce the gain oscillation of EDFA when amplifying the pulse train, a continuous-
wave pilot laser at 1538 nm different from the signal wavelength is used to clamp the gain
of EDFA to suppress its transient response, and is also filtered out by the BPE The AOMs
in the loops are used to implement switchable gain/loss for non-Hermitian applications,
and can also be used to suppress the background where there is no signal pulse. PM is
used to introduce a tunable on-site potential for the lattice, and together with AOM, they
can generate an excitation pulse train with Gaussian distribution[16], which is useful for
probing a narrow bandwidth in the reciprocal space. PC are used to adjust polarization
before polarization-sensitive devices and to ensure interference.

The pulses that can interfere need to have the same number of roundtrips both in the long
loop and the short loop, which makes the setup robust to slow fluctuations that will change
the accumulated phase. A detailed discussion is in the Appendix A.

For the signal detection, an optical coupler in each loop is used. And the loss caused by
detection is also compensated by EDFA in the loops. The typical pulse width is ~50 ns
and distance between neighboring pulses is ~100 ns. Therefore a detector with 1 GHz
bandwidth will be very sufficient. The electrical signal will be recorded by a digital storage
oscilloscope. A low-noise, high-responsivity detector is preferred since the peak power of
the pulses is usually decreasing after each roundtrips.

4.2 Current setup

To investigate the performance of the coupled optical fiber loops, a setup is built in the
PHOSL lab at EPFL with least required components. As shown in Figure 4.2, a tunable
continuous-wave laser outputs at 1550 nm with maximum power of 4 mW. The light is
amplified to 10 mW by EDFA and then modulated into a pulse train. The pulses are square-
shaped and have a width of 70 ns and repetition rate of ~1 kHz. The use of pulse train is to
repeat the measurement after the previous pulses have sufficiently decayed in the loops.
The pulse injected into the long loop has a peak power of ~1 mW, owing to losses in the
devices and fiber adapters. A 50/50 coupler is used to join the two loops, where each one
includes ~2 km spool of fiber. A home built EDFA in each loop compensates the roundtrip
losses. The 980 nm pump is coupled into the loop through WDM and ~55 cm Erbium-
doped fiber is used to amplify the signal. An isolator is used to eliminate backscattering
and a BPF is used to suppress lasing, reduce ASE and filter out the pump. Only the pulses in
the long loop are detected, using the same coupler for pulse injection.

The performance of the current setup is limited by the noise from the background of
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Figure 4.2: The current experimental setup built in PHOSL. (a) Schematic of the setup. EDF:
Erbium doped fiber; IM: intensity modulator. (b) The photo of the real setup.

the pulse train. This background comes from the finite extinction ratio of the intensity
modulator in the pulse injection path. When the modulator is turned “off”, there will still
be a small amount of light continuously passing through and coupled into the loops, which
is then amplified and interferes with time-delayed background. This happens over and
over again, leading to a large and fluctuating background at the detector that floods the
pulse signal. This can be improved, as is done in many papers, by adding another intensity
modulator in series in the pulse injection path, or adding an intensity modulator in each
loop that is synchronized to the pulse roundtrip to suppress the background during each
roundtrip.

The measurement is done in the following steps: first, one pulse is injected into the loops
with no gain in the EDE The pulse amplitude will decay to zero before completing one
roundtrip. Then, we gradually increase the power of the pump laser in each loop and
monitor the pulse train after the second roundtrip, which contains two pulses separated
by the time delay corresponding to the length difference between two loops. By making
the amplitude of two pulses equal, one can control the two loops to have the same net
gain/loss. Then we monitor the pulse train after the fifth roundtrip, which contains five
pulses. However, if the polarization is aligned, which means the polarization change
after one roundtrip in each loop is the same, the second and third position in the pulse
train will have destructive interference and no light will be seen. Therefore, we can align
the polarization controller after this step and start recording the result. Due to the large
background fluctuation, we should take an average of multiple measurements. This is
done by generating a ~1 kHz pulse train in the injection path and perform an average
using the built-in function in the oscilloscope. The net gain/loss is not precisely controlled,
for example, to be exactly zero net gain. To do this, we may compare the ratio of pulse
amplitude between different roundtrips with the simulation.

23



(a) Oscilloscope Trace b) e
06

—— Simulation A !_‘ '''''''
Experiment ‘
051 i ‘ L
4 @~ =
g 0
2 i
=
£03
<
=
5 o s
“ 021 U
(d) R
0.1 1 F‘ wwwww
0.0 {——+ ! 1 . - — | ‘ l -
0 20 40 60 80 100 120 . — 7
Time (us) ( = _———
I g .
(e) = (f) e — =
] m
« 8!
H ‘ H J ‘
S S = N W | A
B _ \ N

Figure 4.3: Experimental result from the current setup, compared with simulation. Pa-
rameters chosen for simulation: 50/50 coupler, 3dB loss in each loop, 50 ns pulse width
(70 ns in experiment from AWG), 9.97 us roundtrip time, 150 ns time difference in two loops.
The fitting of simulation to the experimental result is done by adjusting the parameters
manually. (b)-(g) are the zoomed view of the trace in (a).
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The pulse train circulating in the long loop is measured and the trace in an oscilloscope
is shown in Fig 4.3. The fifth roundtrip and destructive interference is clearly seen from
Fig 4.3(e). However, the maximum observable roundtrip is very limited compared to
more than 100 in many papers. The main reason is considered to be the continuous
background of the injected pulse train, which is also amplified and interferes with the pulses.
In addition, this background will compete with the pulses for the gain of EDE hindering
further compensating the losses even if increasing the pump power. The degradation from
the background can be mitigated by adding another intensity modulator in the injection
path to have a higher extinction ratio, or using intensity modulators in the loops as a time
gate to selectively suppress the background. Note that the measurement result comes from
averaging multiple traces, where a new Oth roundtrip pulse is injected after the previous
pulse train is sufficiently decayed into the background. If we didn't take the average, the
traces would be fluctuating violently due to the amplified background.

4.3 Future work

To improve the experimental setup, the background fluctuation should be suppressed,
and the methods are discussed in the previous paragraphs. To have more flexibility, and
play with Floquet system or add disorders, we can add phase modulators in the loops and
replace the 50/50 coupler by a variable coupler. The phase modulator can also be used
to extend the reachable region in the phase diagram, which is discussed in the Appendix.
Instead of a variable coupler, an optical on/off switch can also be used for faster modulation
speed. Besides, the interplay of nonlinearity and topology is also a topic of interest. Usually
a spool of dispersion compensating fiber is used for a higher nonlinear coefficient, which
introduces a nonlinear on-site potential to the synthetic lattice. However, it is challengeable
to have a nonlinear coupling between the sites, which can lead to self-induced topological
phase transition[17].

As a playground to implement many exotic theoretical models, one may ask if the coupled
optical fiber loops can have some applications, for example, complex light manipulation,
which has been explored recently[18]. The setup may offer a solution for waveform genera-
tion, single-shot pulse autocorrelation, and optical neural network.
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5 Conclusion

This project explores the basics of the coupled optical fiber loops for synthetic photonic
mesh lattices and topological photonics. The band structure and topological invariants of
some typical lattices are calculated, which can be generalized to other lattices. A script for
simulating pulse evolution in mesh lattices is provided. It is able to deal with interfaces and
boundaries, and can be easily extended to simulate new lattices. A very basic experimental
setup is built, which successfully demonstrates a few steps of propagation. Future work
should try to improve the performance of the setup and add more functionalities, such as
intensity, phase modulation and variable coupling ratio.
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Appendix A: Influence of phase ambiguity in the coupler and
loops

When propagating in either the longloop or the shortloop, the pulse will acquire an arbitrary
phase shift. The origin of this phase includes the photoelastic effect from the randomly
distributed strain over the fiber loop, and thermorefractive effect due to temperature drift
in the environment. The good thing is that this phase, although unable to determine, can
be assumed constant because the time scale of a large part of fluctuations is much slower
than one measurement is performed (<1 ms). And the high frequency fluctuations can be
further reduced by better vibration isolation and temperature control.

We can then define the unknown but constant phase shift as @iong 100p, @short 10op, @S shown
in the left side of Figure A.1. Now we will show that this phase shift has no effect to the
interferometric experiment result. Because they are constant and only the pulses traveling
the same times in two loops can interfere, all the pulses will have the same phase shift
(pf; ng loop(pjhort loop’ where p, g are roundtrips in long and short loop. This overall phase will
be cancelled out and have no influence in the interference.

(-plongloop /— (-P'Iong loop —\
_q)1 _____________________
o
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Figure A.1: The freedom of defining the phase shift in the four ports of the coupler between
the two loops. The unknown but constant phase shift in the two loops can be spared to
the coupler, @iong 100p = (p{ong loop T @1+ ¥3 (similar for the short loop), which leads to an
effectively new coupler with a different transfer matrix.

However, we should emphasize that the change of polarization state of light in the two
loops must be compensated to the same value, which is not required for the phase shift
as discussed above. This is because the polarization state is not a scaler value but can be
represented by a vector on the Poincaré sphere. The change of polarization state, which is a
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rotation operation on the sphere, does not commute. This is also why the pulse train will
change its distribution when we rotate the polarization controller in the loop.

Another issue is the ambiguity in the transfer matrix of the coupler between the two loops.
For a 50/50 coupler we have chosen a symmetric matrix throughout the discussion

U= 1 (1 i 0
T2l 1
However, in a real experiment we may find 50/50 couplers with different transfer matrix,
for example,
1 (1 1
M = — 2
1 NG (1 _1) 2)
is also often used. Moreover, in practice the two output ports of a 50/50 coupler may be
interchanged, which leads to
1 (i 1
Moy = — 3
2 NG (1 i) 3)
or
1 (1 -1
My =— 4
3 7 (1 1 ) (4)

One may ask if this phase ambiguity in the coupler will change the dynamics of light
propagation. We will show that these transfer matrices all lead to the same dynamics. The
phase shift in each loop can be separated into three parts as in Figure A.1. This means we
have the freedom to choose an arbitrary phase in all the four ports of the coupler, without
changing the experimental result. This means all the transfer matrices having the form

1 (el 0 \[1 i\[e”r o -
V2l o e]li 1)\ 0 el

will have the same result as .#). One can verify that we can get .4, when we choose
P1=—%,02=T7,¢93=7%, ¢4 =0, 4> when we choose @1 =~7, 92 =7, 93 =17, s =0, M3
when we choose @1 =—7, 92 =0, p3 =7, ¢, = 0.
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Appendix B: Quantum walk formulation of the Floquet SSH
lattice

Here we try to analyze the Floquet SSH lattice in the framework of discrete-time quantum
walk[19]. We first define some notations:

Spin:

1
a.|T>=I0>=(O)

0
b.|l>=|1>=(1)

Pauli matrices:
S 01
o
S 0 —i
Y7li o
o = 1 0
“lo -1
- 0)
0 1
Rotation operator :
Rip) = o = [ 05L8) - isin(h)
isin(f) cos(p)

The discrete-time quantum walk for a 2-spin particle is achieved by a rotation operator
followed by a spin-dependent translation operator. For a finite, periodic lattice with N sites,
the translation operator is defined as

N
T=) |x+1IxXxl@ 1) +]x—1)Xxl®[|)]]
x=1

It can be verified that the evolution operator on the Floquet SSH lattice is

U= TR(,Be) TR(ﬁo)
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Note that U is N/2 x N/2 dimension instead of N x N because only the odd sites can be
taken for the input state and states after applying U. By transforming the position basis to
the momentum basis, the evolution operator can be written as

2ml
U=Y 1kXkl® Uy, where k= ——, [=1,2,..,N/2
- N/2

where |k) = ﬁziﬂ? e’ |12 —1) is the Fourier-transformed state and Uy, is the 2 x 2

matrix acting on the spin state:

| cos(Be) cos(Bo) e~k —sin(B.)sin(By)  icos(Be)sin(Bo)e ¥ +isin(B,)cos(Bo)
k= icos(Be)sin(Bo)e’*+isin(Be)cos(Bo)  cos(Be) cos(Bo)eF—sin(Be) sin(Bo)

The Floquet theorem states that:

Ulvie)=e"F|lyie)

This is equivalent to the ABCD matrix that we have derived before. The k, E here correspond
to Q,—0. The dispersion relation can be obtained in the same way.

cos(E) = cos(Be) cos(B,) cos(k) — sin(fe) sin(f,)

The evolution operator is characterized by a rotation around an axis in the Bloch sphere
and can be decomposed into the superposition of the Pauli matrices:

Ur=Ry(a) = e 12T COS(%)I— isin(g)ﬁ-(f'

cos(%) = cos(B.) cos(Bo) cos(k) — sin(B) sin(B,) = cos(E)

—sin(fB,) cos(Be) cos(k) — cos(B,) sin(fBe)
—sin(B,) cos(Be) sin(k)
cos(Bo) cos(Be) sin(k)

1
sin(E)

7=

There is a vector that is perpendicular to all the 7 for different k:
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Figure B.1: The Bloch sphere showing the winding number of 7i calculated from the evolu-
tion operator. The color of dots represents 7i for different k from 0 to 27.

The winding number is obtained by counting the times that 7 winds around the Bloch
sphere when k goes from 0 to 277, which is shown in Fig B.1. The 7 will always go back to its

starting point because it is periodic in 27.
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Appendix C: Extending the experimentally reachable region
in the phase diagram

The phase diagram of the Floquet SSH lattice shown in Fig 2.6 leads to an experimental
difficulty. As f,, B, can only take values between 0 and /2, corresponding to a 100/0 or
0/100 coupler, the region in phase space that we can immediately get is v/2, w/2 € [0,7/2].
Therefore, we can only achieve two phases out of four in experiment.

This can be solved using phase modulators, one in each loop, to effectively have more
values of ,, B.. The transfer matrix of an optical coupler can be expressed as

[l o)

If we have phase modulation in one loop before and after the coupler
—1 0|[cos(B) isin(B)|[-1 0| [ cos(B) ~—isin(B)| [cos(-p) isin(—p)
0 1/\isin(B) cos(B))| 0 1) |-isin(B) cos(B) | \|isin(-B) cos(-p)

We can map S to — . We also note that the order of the three operation (phase modulation,
optical coupler, phase modulation) can change by shifting the time origin, therefore we
only need one modulator which adds a 27 phase shift.

Now think of another scenario, if we have phase modulation in each loop, we can get

P e ) B i 4

( cos(m+p) isin(m+p)

isin(m+p) cos(m+p)

Therefore, we can map f to 7 + f. Combining the two modulation, we can get any 8 in
[—7/2,37/2] starting from a value in [0, 7/2]. The extended region has a length of 27, which
covers one period in the phase diagram. So we effectively reach all the four phases.
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